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1. INTRODUCTION 
The aim of this paper is to describe the orbit structure of flows exhibiting 
nontrivial recurrence on closed, two-dimensional manifolds, insofar as that 
structure is determined by the nontrivially recurrent orbits. The description 
involves two steps: the first is to decompose the manifold into certain 
pieces, each of which contains at most one recurrent orbit closure; and the 
second is to describe the flow on those pieces containing a recurrent orbit 
closure in terms of a transitive flow on the same submanifold (compac- 
tidied). The two steps are presented in the reverse order-Theorem 1 for- 
malises the second step and Theorem 2, which follows easily from 
Theorem 1, the first. 
Theorem 2 is similar to Theorem B of Gutierrez [8]; one advantage of 
the present approach is that Theorem 1 enables one to apply the work of 
Aranson and Grines [ 1,2] to the problem of classifying flows on two- 
manifolds up to topological equivalence. This classification is outlined 
briefly in the final section. 
For reasons which will become clear, attention is in general restricted to 
flows with finitely many singular points. 
2. NOTATION. ETC. 
Let X M x R -+ M be a (continuous) flow on a manifold M; then 
X’:M-+M denotes the homeomorphism X(--, t):M-+M, 
0( p)(O+( p), 0 -(p)) the orbit (forward orbit, backward orbit) of X 
through p, [p, q] the arc of the orbit O(p) from p to q E O+(p), and 
L,(p)(L,(p)) the o-limit set (cc-limit set) of p. By a saddle point is meant a 
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singular point of X which is both the a-limit set of some point and the o- 
limit set of some (possibly different) point; and an orbit O(p) with L,(p) 
or L,(p) a saddle point is called a saddle-separatrix if p has no 
neighborhood consisting of points all with the same o-limit set or cc-limit 
set, respectively. A homeomorphism h: M -+ M is a topological equivalence 
between flows X and Y on M if it takes directed orbits of X to directed 
orbits of Y. 
3. RECURRENCE 
Let X be a flow on a two-manifold M. A point p in M is said to be o- 
recurrent if p lies in L,(p), a-recurrent if p lies in L,(p), and recurrent if p 
is both w- and a-recurrent. Since limit sets are invariant it follows that 
these types of recurrence are properties of O(p) as well as of p. Immediate 
examples of recurrent orbits are singular points and closed orbits; these are 
said to be trivially recurrent. The closure of any nontrivially recurrent orbit 
is said to be a recurrent orbit closure. The corresponding notions for a- and 
o-recurrence are redundant, since Cherry [4] showed that the closure of 
any a- or w-recurrent orbit contains an uncountable number of dense 
recurrent orbits, and Maier [9] that any nontrivially a- or w-recurrent 
orbit contained in a recurrent orbit closure is dense therein. Thus, although 
two distinct recurrent orbit closures may intersect, the intersection contains 
no nontrivially a- or o-recurrent orbits. This leads to the result that a sur- 
face of genus g can have at most g distinct recurrent orbits closures in the 
orientable case (Maier [9]) and at most the integer part of (g - 1)/2 in the 
nonorientable case (Markley [ 121). 
The Poincare-Bendixson theory and a result of Markley [ 1 l] show that 
any flow on the plane, sphere, projective plane or Klein bottle is trivially 
recurrent. Nontrivial examples are furnished by the irrational flows on the 
torus: considering the torus T as the quotient R2/h2, an irraiionalflow on 
T is one whose lift to R2 has orbits which are all straight lines of the same 
irrational slope. Every orbit of an irrational flow is recurrent and dense; the 
single recurrent orbit closure is T itself. 
Further examples of nontrivial recurrence on the torus can be obtained 
by “blowing up” selected orbits of an irrational flow, that is, by “replacing” 
a countable number of orbits by, say, bands of parallel flow. Such a flow is 
known as a Denjoy frow (see Denjoy [6]), while a flow obtained by 
“replacing” a single orbit of an irrational flow with a region as shown in 
Fig. 1 is known as a Cherry flow (see Cherry [S]). Both Denjoy and 
Cherry flows have a unique recurrent orbit closure which is locally a Can- 
tor set of lines. 
The analogue of the irrational flows for two-manifolds of higher genus is 
provided by flows in which every nonstationary orbit is dense and with all 
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FIGURE 1 
singular points having negative index-such a flow will be called highly 
transitive. Examples of highly transitive flows on a genus two surface can 
be obtained as follows. Parametrise the curves C, and C2 in Fig. 2a or b so 
that the Poincare map (see Section 4) from C1 to C, has derivative one and 
with the points marked as shown; then glue C, to C2 by letting XH x + CI 
(mod 1) for CY irrational. Theorem 1 below characterizes those flows which 
can be obtained by “blowing up” orbits of a highly transitive flow. 
FIGURE 2 
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4. TRANSVERSE CURVES 
Let X be a flow on a two-manifold M; a local transverse section at p in 
M is an embedded arc S for which there exists a positive E such that 
X 1 (S x ( -E, E)) is a homeomorphism onto an open neighborhood of p. A 
local transverse section exists at every ordinary point of M by Whitney 
[ 171. A simple closed curve on M whose intersection with a neighborhood 
of any one of its points is a local transverse section at that point is said to 
be a transverse curve. A transverse curve is said to be nontrivial if it is 
homotopically nontrivial. If x and y are points of a transverse curve C for 
X which has been given an orientation then the arc of C from x to y in the 
positive direction will be denoted xy. 
Now let p1 be an ordinary point of X and p2 = X’( p1 ) for some t > 0, 
and let S, and S, be local transverse sections at p1 and p2, respectively. 
For p in S, let t(p) = mini t > 0 1 X’(p) E S,}, if it exists. For some open 
subset U of S, containing p1 the map f: U -+ S2 defined by f(p) = XtCp)( p) 
exists, and is called a PoincarP map for X at pl; U is open in S,, and if it is 
sufficiently small f is a homeomorphism of U onto f(U). If p1 = p2 = p, say 
(so that O(p) is a closed orbit), and if S, = S2, f is called the first-return 
map from U to S,, and t(p) is called the first-return time. 
To construct a nontrivial transverse curve for X given that X exhibits 
nontrivial recurrence, let p be a nontrivially recurrent point of X, S a local 
transverse section at p, and U the domain of the first-return map f: U + S. 
By the result of Cherry mentioned above p can be chosen so that it is the 
limit from both sides of its iterates under f; so there is an integer n such 
that f”(p) is the first point in which O+(p) intersects S on the same side of 
f(p) as is p. Consider the three simple closed curves obtained by joining 
the endpoints of CP, f( PII, C P, f 'Y PII and Cf( P), f “(~11, respectively, by 
appropriate subarcs of S. At least one of these must be orientation-preser- 
ving, and one can then find a transverse curve C for X in a neighborhood 
of this curve. The curve C must be homotopically nontrivial as it is 
transverse and intersects O(p) more than once. Note that if S is chosen to 
be sufficiently small the curve C can be chosen to intersect no recurrent 
orbit closure other than cl( 0( p)). 
5. LEMMA 1 
Let X be a flow on a compact two-manifold with finitely many singular 
points, S1 and S, two closed local transverse sections for X, and f: U+ S2 
the PoincarP map from S, to Sz. Assume that f(U) c int S,. Let U, be a 
component of U, x an endpoint of U, which is not an endpoint of S,, and 
(x,) a monotonic sequence in U, with limit x. Then (f(x,)) tends to a limit X, 
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and the limit A of the arcs [x, f(x)] is the union of O+(x), O-(X), a finite 
number of saddle points and a collection of saddle-separatrices. The limit sets 
of each saddle-separatrix in A, as well as L,(x) and L,(X), are saddle points 
in A; A is path connected, and A contains a unique simple arc joining x to 1 
which depends only on the side of x from which (x,) tends to x. Furthermore, 
U has only finitely many components. 
Proof The last statement follows from the first since X has finitely 
many saddle points. The rest follows from the characterisation of parallel 
strips of flow given by Neumann and O’Brien [ 141. 1 
If Si is given an orientation such that x,-+x from the positive, respec- 
tively, negative side, denote the simple arc joining x to X given by Lemma 1 
by [x,-f]+, respectively, [x, X] -, and the set A given by Lemma 1 by 
A’(x, X), respectively, A ~ (x, X). 
6. A CONSTRUCTION 
Let X be a flow on a closed two-manifold M with finitely many singular 
points and with a recurrent orbit closure L. Let C be a transverse curve for 
X meeting L and no recurrent orbit closure of X other than L. Let 
f: U + C be the first-return map of X on C. Let 9 be the partition of C 
whose elements are closures in C of components of C\L, and the points of 
L not included in these closures. No two components of c\L can have a 
common endpoint since L is a recurrent orbit closure; so 9 is genuinely a 
partition. Choose an orientation for C. 
Any element A of 9 has a neighborhood N in C such that N\A c U; say 
A is the arc xy of C (possibly x = y = A), and that (x,) and (y,) are 
monotonic sequences in Ar\A such that x, +x from the negative side and 
y, + y from the positive side. By Lemma 1, (f(x,)) and (f ( y,)) tend to 
points X and j7, respectively, in C (possibly X = jj). If the arc Xjj or $F of C 
is in 9 call it 6, and say that A is of type 1; otherwise, say A is of type 2. In 
this latter case, X must be an endpoint of an element A - ’ of 9 and j an 
endpoint of an element A1 of 9. Repeat the procedure with A ~’ and A’ in 
turn using f ~ ‘: f(U) + C. Both A ~ ’ and A’ must be of type 2 and lead to 
A -’ and A2, which may be equal but cannot be any of A -I, A or Al. Con- 
tinuing this process, obtain a sequence A-“, A”+l,..., A-‘, A, A’,..., A”; 
the procedure terminates when A Pn = A”, which must happen, as each A’ 
with i even (say A = A’) contains the last intersection of a saddle-separatrix 
with C, and each A’ with i odd the first such intersection-there can be 
only finitely many of these intersections. Call (A-“, A-“+ l,..., A”) a saddle 
set in 8, and define its index to be 1 -n. 
Say that A and A’ in 9 are related if there is a sequence 
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A = A,, A I ,..., A, = A’ such that, for 0 < i < n, either Ai and Ai+ I belong to 
the same saddle set, or Ai is of type 1 and Ai+ 1 = di, or vice versa. For A 
in 9 let the family a(A) of A be the collection of all elements of B which 
are related to A. Finally let the core GL* of a family GL in 5P be the set of all 
elements of a which either belong to a saddle set in LX or belong to a 
sequence (A,, A I ,..., A,) in a such that A, and A, each belong to a saddle 
set in LZ and, for 0 < i < n, either A i and A i + 1 belong to the same saddle set 
ofP,orA,isoftypelandA,+r = Ai, or vice versa. The index of GL is the 
sum of the indices of its saddle sets, if this sum is finite. Note that every 
saddle set of a must belong to LX:*. 
7. DECOMPOSITION SPACES 
Before formalising the idea of “blowing up” of orbits, a few words about 
decomposition spaces are in order (see Willard [ 191). A decomposition 9 
of a topological space X is a collection of disjoint subsets of X whose union 
is X; with the topology in which 9 c 9 is open if and only if 
UWFEW . IS o pe n in X, 9 is called a decomposition space of X, 
and there is a natural map X+ 52J taking each point in X to the subset of 
X to which it belongs. Conversely, given a surjective map f: X+ Y there 
is a related decomposition X= u {f - ‘( y) 1 y E Y}; if, for example, f is 
closed then the decomposition space given by this decomposition is 
homeomorphic to Y. 
A decomposition 9 of X is upper semicontinuous if for each FE 9 and 
each open set U in X containing F there is an open set V of X such that 
Fc Vc U and V is a union of elements of ~2. The natural map X + 9 is 
closed if and ‘only if 9 is upper semicontinuous. Thus there is a correspon- 
dence between closed surjective maps X-+ Y and upper semicontinuous 
decompositions 9 of X with 9 homeomorphic to Y. 
PROPOSITION 7.1 (Roberts and Steenrod [ 161). The decomposition 
space of an upper semicontinuous decomposition of a connected two-manifold 
M into (at least two) compact, contractible subsets is homeomorphic to M. 
8. BLOWING-DOWN MAPS 
The following definitions are intended to formalise the idea of “blowing 
up” described informally in Section 3. An orbit cluster in a highly transitive 
flow is either a recurrent orbit or else a saddle point together with its 
associated saddle-separatrices. For M a closed two-manifold a closed, sur- 
jective map r: M + M will be called a blowing-down map from a flow X on 
M to a highly transitive flow Y on M if 
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(8.1) T-‘(P) is compact and contractible for each p in M; 
(8.2) z-‘(S) is invariant under X for each orbit cluster S of Y, and at 
each ordinary point p in fr(z - ‘(S)) n z -l(S) such that r(p) is an ordinary 
point z preserves the direction of the flow; 
(8.3) whenever r = 8 0 v, where v and 8 satisfy (8.1) and (8.2), 8 is a 
topological equivalence; and 
(8.4) the induced map r*: n,(M) -+ n,(M) is the identity. 
Note that z is the natural map of the decomposition 
hf= cJ-‘(P) I PEW; z will in fact be constructed as a decomposition 
space in the proof of Theorem 1. Condition (8.3) ensures that T does as 
little collapsing as possible; and condition (8.4) is really a normalisation: 
it follows already from (8.1) and Proposition 7.1 that r* is an isomorphism. 
Some consequences of the existence of r are: 
(8.5) if 0 is a recurrent orbit of Y then z ~ ‘(0) contains at most two 
recurrent orbits, which lie in the boundary of t ~ l(O), and if z - ‘(0) con- 
sists of a single orbit then this orbit is recurrent; 
(8.6) any recurrent orbit of X maps homeomorphically onto its 
image, which is either a recurrent orbit of Y or else the union of an CY- 
recurrent orbit, a singular point and an w-recurrent orbit; and 
(8.7) X has at most one recurrent orbit closure, with image under z 
the whole of A4. 
Proof Let p be an ordinary point of Y in an orbit cluster S; choose a 
small flow box D about p bounded by two transverse arcs A, and A, and 
two arcs of orbits, and let S’ be the arc of Sn D containing p. Then 
b = r - ‘(D) is a disc containing t ~ ‘(p). If z ~ ‘(p) contains a recurrent 
point jj, of Xlet B, be the arc of O(dl)nb containing pi. If r-‘(p) con- 
tains an arc transverse to B, then, since z ~ ’ (S) is invariant, one could con- 
struct a nontrivial transverse curve for X, as in Section 4, lying wholly in 
z-‘(S); this would contradict (8.4). Now if pz is a recurrent point of X in 
z-‘(p)\B, let B, be the arc of O(p,)nb containing d2; 7~‘(A,), r-‘(A,), 
B, and B2 bound a disc a’ containing r - ‘(p). If an orbit crosses 8’ more 
than once it can be used together with an arc in B’ to form a simple closed 
curve in z ~ ‘(S); th is must bound a disc, which in turn must contain either 
d, or p2, an impossibility. Note also that r ~ ‘(S’) n B = b’, so that both d, 
and pz are in fr(z-‘(S))nz- l(S); in fact, this is true for pi even if z ~ ‘(p) 
contains no recurrent point not on B,. 
Now let a be a recurrent orbit of X and 2; a nontrivial transverse curve 
for X intersecting 0; 0 intersects (? infinitely often as t + cc and t + -co, 
and so by the above argument and (8.2) the same is true of z( 0) and z(c). 
Since r(a) is connected and is contained in a single orbit cluster of Y it 
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must either be a recurrent orbit of Y or else the union of an a-recurrent 
orbit, a saddle point and an o-recurrent orbit of a single orbit cluster of Y. 
Hence if p is a recurrent point of Y and dl, j& are recurrent points of X in 
r - ‘(p) and on different orbits it follows that z(U( ~5~)) and r(O( &)) map 
onto O(p), and so r - ‘(O(p)) contains at most two recurrent orbits of X, 
which lie in fr(r-‘(O(p)))nr-‘(O(p)). If r-‘(O(p)) is a single orbit of X 
then (8.2) gives a monotone function i++t of real numbers such that 
$X’(p)) = Y’(p) for some j? E r - l(p). Then if (ti) is an increasing or 
decreasing unbounded sequence of real numbers such that Y”(p) + p as 
i-+ co it follows that rr’(p)ncl(lJ,X’(jj)). is nonempty; this is sufficient o 
show that t ~ ‘(O(p)) is recurrent. This completes the proof of (8.5). 
To prove (8.6) it remains to show that r restricted to a recurrent orbit of 
X is one-one. If two points @ and q on the same recurrent orbit of X map 
to a single point of Y then so must the whole arc [j? g], or else (8.2) would 
be contradicted. But this in turn would violate (8.3): regarding r as an 
identification map, define v to equal r outside a neighborhood fi of [d, q] 
but not to collapse [d, q] to a point, and 8 to be the identity outside v(m) 
and to collapse v( [p, q]) to a point. Then 13 is not a topological 
equivalence. 
Finally, note that if d is a recurrent orbit of X then cl(z(0)) = M, and so 
~(~10’) =M (r is a closed map). And if X has more than one recurrent 
orbit closure then each must map onto M. But one can then find, as in Sec- 
tion 4, a homotopically nontrivial simple closed curve C which does not 
intersect one of the recurrent orbit closures; hence t 1 MjC= M, which 
contradicts Proposition 7.1. 1 
Note that X need not contain any nontrivially recurrent points; but if X 
has only finitely many singular points then, by (8.5), it must do so. Also, if 
Y has a recurrent orbit Q with inverse image a single recurrent orbit Q of 
X then the inverse images of the orbit clusters of Y must be exactly & and 
the path-components of M\Q; this gives rise to a uniqueness for z which 
will be made more explicit in Section 12. 
9. IRREDUCIBLE FLOWS 
A flow on a two-manifold M with a recurrent orbit closure which meets 
every homotopically nontrivial closed curve on M in at least one non- 
trivially a- or o-recurrent point will be called irreducible. Note that, by the 
last observation in Section 4, an irreducible flow has exactly one recurrent 
orbit closure. If now X is a flow on M with a blowing-down map z: M + M 
to a highly transitive flow Y and if X has a recurrent point (e.g., if X has 
only finitely many singular points) then X is irreducible. For, if C is a 
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homotopically nontrivial closed curve on M then every recurrent orbit of Y 
intersects r(C); hence every recurrent orbit of X intersects C. This obser- 
vation, together with its converse, makes up Theorem 1, which follows. 
10. THEOREM I 
Let X be a jlow on a closed two-manifold A4 with finitely many singular 
points; then X has a blowing-down map if and only if X is irreducible. 
Proof Necessity is proved above. The reverse implication will by 
proved by constructing the blowing-down map r for a given irredicible flow 
X. First, an upper semicontinuous decomposition 9 of M into compact, 
contractible sets is given; it follows that $3 is homeomorphic to M. The 
natural map z*: M + 9 composed with a suitable homeomorphism 9 + M 
will be the required blowing-down map r: M -+ M. 
So assume that X is irreducible, with recurrent orbit closure L. Let C be 
a nontrivial transverse curve for X, and f: U + C the first-return map of X 
on C. Choose an orientation for C, and let 9” be the partition of C 
described in Section 6. 
Let A = xy be an element of 9 of type 1, A be as in Section 6, and 
/1- (x, X) and n + ( y, jj) be as in Section 5. Assume that A and A are dis- 
joint; then there is an arc N of C containing A such that N\A c U and 
Nnf(Nn U) is empty. Choose points w in N on the negative side of x and 
z in N on the positive side of y; then y = wz u [z, f(z)] uiEu [w, f(w)] is 
a simple closed curve on M, where iE is the arc from f(w) to f(z) which 
contains A. Note that y is homotopic to the closed curve 
;1= A u n ‘( y, j) u A u n ~ (x, 2). The following lemma, together with the 
irreducibility of X, implies that A, and hence y, is nullhomotopic. Thus y 
bounds a disc containing 2; let R(A) be the subset of this disc bounded by 
A. 
LEMMA. Either x = y is CC- or w-recurrent and lies in U or i is homotopic 
to a closed curve meeting no nontrivially u- or w-recurrent point of X. 
Proof. Assume that x = y; if x E U the conclusion is immediate. If x $ U 
then L,(x) is some saddle point 0. If, further, x is u-recurrent let 1, be the 
closed curve obtained from i by shrinking the arc O+(x) v {g} to o; 
otherwise let ill = 2. 
Next assume that x # y. If x is u- or o-recurrent and lies in U let p be a 
point in int A such that xp c CT; let 1’ be the closed curve obtained from I 
by replacing the arc xp u [x, f(x)] UT by the arc [p, f(p)], where q is 
the arc from S(x) to f(p) contained in A. If x is u- or o-recurrent and is 
not in U then L,(x) is a saddle point 0. Choose a point p in int A and let 
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i’ be the closed curve obtained from I by deforming the arc 
xpu O+(x) u (G} to an arc from p to (r disjoint from O+(x) nint(xp). 
Otherwise, let A’ = A; and in either case proceed in the same manner for y, 
choosing a point q, if necessary, in int(py), to obtain a closed curve A, 
homotopic to 1. 
Now proceed in the same fashion for X and ,ij using the closed curve A,; 
the new closed curve 2, is homotopic to A and contains, by construction, 
no c1- or w-recurrent point of X. m 
If A and A are not disjoint then they are equal. In this case y is not a 
simple closed curve but is clearly homotopic to one, so that the rest of the 
argument applies. But then R(A) contains a simple closed curve meeting C 
exactly once and meeting no nontrivially c1- or w-recurrent point (for in 
this case neither x, y, X nor j can be nontrivially c1- or o-recurrent); since a 
curve meeting C exactly once must be homotopically nontrivial this gives a 
contradiction. 
If A is an element of 9 of type 2 one obtains a simple closed curve y 
bounding a disc in an entirely analogous way, and hence the associated 
subset R(A)-no two elements of the saddle set containing A can coincide, 
by the same reasoning as above. Note that the index of the curve y relative 
to X is equal to zero if A is of type 1 and 1 -n if A is of type 2 and belongs 
to a saddle set of index 1 -n; so in the latter case R(A) must contain at 
least one singular point. If A and A’ belong to different saddle sets of 9 
then R(A) and R(A’) can only intersect on C, and so there is a finite num- 
ber of saddle sets in 9. Now if ol is a family in 9 and 6X* the core of a let 
R*(a)=U{R(A):Aea* and, if A is of type 1, ,?~a*}. Then there is a 
simple closed curve y* consisting of arcs of orbits and arcs of C which 
bounds a disc on A4 containing R*(a), with index equal to the index of ol 
(again arguing as in the paragraph before this to show that y* is simple). 
Note finally that every singular point of X is in some R(A); hence the sum 
of the indices of the families of X equals X(M), the Euler characteristic of 
M. 
The next step is to construct 9. It seems to be easiest to break this up 
into two stages. First, let A = xy be an element of 9. It follows from 
Lemma 1 and the description above of R(A) that the closure of each com- 
ponent of A ~ (x, X)\[x, X] ~ bounds a compact, contractible set inter- 
secting [x, X] ~ in a single saddle point, and similarly for 
A ‘(y, j)\[ y, jj] +. For any saddle point in [x, X] - or [y, j] + the union 
of all such sets containing it is still compact and contractible, and is to be a 
single element of the decompsition 9i, while any point not in such a set is 
also to be a single element of 9i. Since the elements of 9i containing more 
than one point of A4 are isolated from each other it is clear that ~3~ is upper 
semicontinuous. Let z^, be the natural map A4 -+ 9i. 
505;57.1-10 
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Each orbit of X either maps one-one under z^, or maps to a single point. 
Thus the images of the orbits of X form a family ofpaths on 9i, that is, a 
decomposition of g1 into sets each of which is either an immersed copy of 
R or a point. This family of paths is the set of orbits of a flow X’ on 
9i-proof of this is postponed to Section 11. 
The second stage of the construction of 9 is construction of a decom- 
position $ of 9, as follows. Let A = xy be an element of 9 of type 1 such 
that A and A are not both contained in any core a* in 9 and such that 
R(A) contains at least one singular point. The part of R(A) bounded by the 
closed curve A u [ y, jj] + u A u [x, X] - is a collection of discs, each of one 
of the types shown in Fig. 3, joined by saddle-separatrices, or else is the 
simple arc [x, X] - = [ y, j] +. In the former case, for each disc, choose a 
foliation by simple arcs with one endpoint in [x, X] - and one in [y, j] +; 
each arc is to be an element of &, as is each point of the saddle- 
separatrices joining the discs. In the second case each point of [x, X] - is to 
be an element of &. This defines & on the whole of R(A). Note that the 
image of R(A) under the natural map 9i + 9$ will be a simple arc. 
Next, consider the region R* = R*(a) for a family 65 of 9 with index 
1 - n; the image of R* under the map 9i + 9$ is to be 2n arcs abutting at a 
single point. To accomplish this some analysis of the region R* is 
necessary. The boundary of R* consists of 2n elements of 9 and 2n arcs 
which are the limits of sequences of arcs of x’; call these Ai and Bi, respec- 
tively, 1~ i < 2n, and let y* be a simple closed curve consisting of arcs of 
orbits of x’ and arcs of C which bounds a disc containing R* as construc- 
ted in the first part of this proof. Call a point of R* an a-point if it is either 
an endpoint of some Ai or is a cut point of R*. If p is a cut point of R* 
such that R*\{ p} has two components let y1 and y2 be the two simple 
FIGURE 4 
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closed curves, each bounding a component of R*\(p), formed from y* by 
adding an arc through p transverse to X’, as in Fig. 4; compute the index of 
y1 and of y2, first making the alteration in the flow X’ shown in Fig. 4 if p 
is a singular point. Call a point of R* a d-point if it is a cut point p as 
above such that y1 and y2 both have negative index or if it is a cut point p 
of R* such that R*\{ p} h as more than two components. 
Let the closures of the components of int(R*) be denoted Rj, 1 <j< m. 
Each Rj is bounded by a set of subarcs B, of the arcs Bi, each joining two 
a-points, and possibly some of the arcs Ai. For each j with 1 <j< m define 
a set S, as follows. First, let 0, be the union of the arcs B, whose endpoints 
are both d-points together with the d-points of Rj. If Dj is the whole boun- 
dary of Rj let Sj = R,i. Otherwise, if 0, has exactly one component let pi be 
any point of D,, and if not let pj be any point of int R,. Choose a point in 
each component of 0, if D, has more than one component and in the 
interior of each B, whose endpoints are not d-points. Choose a simple arc 
in Rj joining each of these points to pi such that any two of these arcs 
intersect only at pi. The union of these arcs is S,. 
Let S= U,S,; S is to be an element of g2. The complement of S in R* 
consists of 2n components, each containing one of the Ai and one subarc 
each of two of the Bi. Each of these components is to be treated as R(A) 
was in the case before this one. 
The part of ga, on which BZ has not been defined is cut by C into a num- 
ber of regions of parallel flow, each bounded by two arcs of C and two arcs 
which are limits of arcs of orbits of x’. On each of these regions choose a 
transverse foliation by simple arcs using, say, proportions of arc length 
along the arcs of orbits of x’ from C to C. The intersection of any one of 
these arcs with any region R(A) not already dealt with is to be an element 
of &, as is any element of 9’. This defines & on all of @. It is not difficult 
to see that & is upper semicontinuous. Let f, be the natural map g1 + &, 
and f = z** 0 Q,, and choose a homeomorphism h: & -+ M such that z = h 0 z^ 
induces the identity map on rc,(M). 
Each region R(A) maps under r to a closed simple arc on M with 
endpoints on r(C), and each region R*(a) of index 1 -n to a collection of 
2n half-open simple arcs and a point a(a))--each half-open arc has its 
endpoint at the closed end on r(C) and its other endpoint the point a(&!). 
The arcs corresponding to a single family 6Z in ,~7 form a single immersed 
copy of 1w if a has index zero and 2n immersed copies of [w and the point 
a(a) if 6X has index 1 -n, n > 1. This family of paths is the set of orbits of 
a flow Y on M-proof of this is postponed to Section 11. By construction, 
Y is highly transitive and (8.1) holds; and the direction of flow on the 
family of paths can be chosen so that (8.2) holds. 
To see that r satisfies (8.3), assume that r = 13 0v where v and 19 satisfy 
(8.1) and (8.2) for highly transitive flows Y' and Y, respectively. Any path- 
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connected subset of M containing more than one orbit cluster of Y’ and 
invariant under Y’ is all of M, so 8 must map different orbit clusters of Y’ 
to different orbit clusters of Y. Thus if 0 is not a topological equivalence 
there must be a point p of M such that C’(p) is a segment of an orbit of 
Y’, or equivalently, v(z - ‘(p)) must contain a segment of an orbit of Y’. 
But from the construction of r this can only happen if points other than 
t - ‘(p) map to the same segment under v, which contradicts the fact that 
z = 8 0 v. This completes the proof of Theorem 1 (modulo Section 11). 1 
Such a map r is given explicitly by Aranson and Zhuzhoma [3] for a 
Denjoy flow on the torus. Note also that, in the proof of Theorem 1, it is 
only necessary to assume that any simpk closed curve meeting no non- 
trivially M- or o-recurrent point of L be homotopically nontrivial. This suf- 
fices to prove the following corollary. 
COROLLARY 1. A flow on a closed two-mantfold with finitely many 
singular points is irreducible if and only if it has a unique recurrent orbit 
closure ‘which meets every homotopically nontrivial simple closed curve in a 
nontrivially a- or w-recurrent point. 
11. REGULAR FAMILIES OF PATHS 
A family F of nonintersecting curves filling a metric space (S, p) is said 
to be regular if, in a neighborhood of any point p, it is homeomorphic to a 
family of straight lines (here a curve is understood to be an immersed copy 
of R or S’). Let [p, q] denote an arc of a curve in F from p to q and 
N,(S’) the s-neighborhood of a set S’ c S. 
PROPOSITION (Whitney [ 181). A ff SM tcient condition that F be regular is 
that, given any point p and a direction on the curve through p, there exists an 
arc [p, q] in this direction such that for any E > 0 there is a 6 > 0 such that, 
for any p’ with p( p’, p) < 6, there is an arc [p’, q’] such that [p’, q’] c 
N,( C P, 41) and 4 E N,(q). 
If, now, a family F of nonintersecting curves is given on a manifold M 
which is regular and can be consistently oriented then Whitney proves in 
[ 171 that F can be regarded as the set of orbits of a flow on M such that 
each point of 1M\( lJ CE F C) is a singular point. 
These results need to be applied twice in the proof of Theorem 1; in both 
cases the application is immediate. 
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12. ADDENDUM TO THEOREM 1 
Zf~:M-rMandz’:M -+ M are blowing-down maps for X to highly tran- 
sitivejlows Y and Y’, respectively, then Y is topologically equivalent to Y via 
a homeomorphism h: M -+ M such that z’ and h 0 z take any point of M to the 
same orbit cluster of Y’. 
ProoJ At most countably many recurrent orbits of Y and Y’, respec- 
tively, can have inverse images containing more than one orbit. Hence by 
(8.5) there must be a recurrent orbit Q of X which maps under r to a 
recurrent orbit Q of Y and under t’ to a recurrent orbit Q’ of Y’. Now 
choose a point 4 of Q and construct a nontrivial transverse curve (? for X, 
passing through q, which is disjoint from the inverse images of the singular 
points of Y and Y’ under r and z’, respectively; this can be done using the 
method of Section 4 since, by (8.1), the section S at q used in the construc- 
tion can be made disjoint from the specified inverse images. 
Let q = $4) and let N be an annulus neighborhood of z(c) containing 
no singular point of Y. Since 2: is transverse to X at each point of 0, r(c) 
must be transverse to Y at each point of Q, and one can thus find a 
transverse curve C for Y in N passing through q. Let f: U + C be the first- 
return map for X on C, and let qn =f”(q) for n E Z. Similarly define 
q’, c’, f ‘: u’ + c’ and qi for Y’, and 7: 8 -+ c and 4” for X. Note that the 
sets of points {qn}, (4;) and {qn} occur on C, c’ and c;, respectively, in 
the same cyclic order. 
Now define h on C by setting h(q,) = q;; since {qn} is dense in C and 
(9;) is dense in C’ the above remark shows that this extends to a 
homeomorphism C -+ C’. 
To extend h 1 C to the whole of M two steps are needed. The first step is 
to define h on the singular points of Y, and then on the arcs of saddle- 
separatrices of Y running between these singular points and C using 
proportions of arc length. For this one needs to establish a one-one 
correspondence between these points and arcs of Y and those for Y’. To do 
this, let p be a point of C such that 0 ‘(p) tends to a saddle point of Y 
before meeting C again, and let (q,J, (qm,) be sequences on C tending to p 
from either side. The sequences (g,J and (q,,) define an arc of ncl(O(@)) 
or a single point, while the sequences (q,! + , ), (qm,+ 1) do not-for if they 
did, 0 + (p) would extend as far as C. Hence the sequences (qk + 1) and 
(4 L, + r ) do not converge to the same point, and so 0 + (h( p)) must tend to 
a saddle point before reaching C’. 
Finally, h is defined on the complement of C and the singular points and 
separatrix arcs as follows. The complementary regions are rectangles of 
parallel flow, with h defined on the boundary; on the transverse “ends” 
of the rectangle f’(h(x)) = h(f(x)). Parametrise the rectangle on 
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[0, 1 ] x [0, 1 ] so that the first coordinate runs along one transverse end 
and the second runs along orbits by proportions of arc length. Then in 
terms of this parametrisation the map 
(x, Y)++(X> (1 -x).h((O, Y))+x.h((L Y))) 
agrees with h on the sides and ends of the rectangle. 
The map h so constructed is a topological equivalence between Y and Y’. 
To show that r’ and hoz take any point of M to the same orbit cluster of 
Y’, corresponding pairs of sequences (g,,) and (q,,), (qn,) and (qm,), and 
(q;,) and (qh,) can be used as they were above. 1 
Remark. It may be possible to extend Theorem 1 and its addendum to 
flows with countably many singular points; the problem is to obtain the 
necessary description of the sets R(A) and the neighboring flow. However, 
the result is not true if flows possessing a continuum of singular points are 
allowed; in this case, even if one can adequately describe the sets R(A) so 
as to form the map z*, the resulting “foliation” need not be the orbit decom- 
position of a flow. 
13. THE FLOW ON AN OPEN SUBMANIFOLD 
Let M be a closed two-manifold. If N is an open submanifold of M let 
N* be the manifold obtained by compactifying each end of N with a point. 
If X is a flow on A4 there is a flow X ( N, defined up to topological 
equivalence, whose orbits are the orbits of X intersected with N, with the 
direction of the flows X and X 1 N coinciding at ordinary points; and, abus- 
ing notation somewhat, let X 1 N* be the flow on N* (again, defined up to 
topological equivalence) obtained from X 1 N by making each point of 
N*\N a singular point. 
The flow X 1 N will be called irreducible if the frontier of N contains no 
nontrivially u- or o-recurrent point of X, and if the flow X 1 N* is 
irreducible. This definition makes use of the fact that irreducibility, as with 
other notions discussed in this paper, is preserved under topological 
equivalence. 
14. THEOREM 2 
Let X be a j7ow with finitely many singular points on a closed two- 
manifold M. There is a finite set %? of homotopically nontrivial closed curves 
on M such that 
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(i) no curve of %Y contains a nontrivially c1- or o-recurrent point of X; 
and 
(ii) if Mi, 16 i < n, are the components of M\IJ CE v C then, for each i, 
either X 1 Mi is irreducible or Mi contains no nontrivially recurrent point of 
X.’ 
Proof: If X has no nontrivially recurrent point or is irreducible then ‘8’ 
is empty. Otherwise, let L be a recurrent orbit closure 6f X, by Corollary 1 
there is a homotopically nontrivial simple closed curve C, on M meeting 
no nontrivially u.- or o-recurrent point of L. Let N, be the component of 
WC, containing the recurrent points of L, and note that x(N:) > x(N). If 
X 1 N, is not irreducible, let CT be a homotopically nontrivial simple closed 
curve on NT meeting no nontrivially M- or u-recurrent point of L. Let C2 
be a closed curve on M which is the union of C: n N, with an appropriate 
arc or arcs of C,, and let N, be the component of M\(C, u C,) containing 
recurrent points of L; again, x(N:) > x(N,*). Now repeat this procedure, if 
possible; it must terminate for some k so that X I N, is irreducible. Note 
that carrying out this procedure for each recurrent orbit closure of X in 
turn would produce a finite collection of curves satisfying (ii), but not 
necessarily (i)-more caution is needed. 
By Theorem 1, there is a blowing-down map t: Nz -+ Nz taking X 1 Nz 
to a highly transitive flow Y on Nk. * Let 0 be an orbit cluster of Y such 
that r ~ ‘(0) contains at least one point of Nz\N,, and assume first that 0 
is a single recurrent orbit of Y. There are points p and q in 0 A r(NJ such 
that L,(x) = L for each x in r - ‘(p) and L,(x) = L for each x in r ~ ‘(4); so 
every singular point of T - ’ (0) lies in r ~ ’ ( [ p, q] ). Note that no point of 
z-‘(p) or z-‘(q) can be a recurrent point of X which is not in L; so there 
is a closed curve in the boundary of r -‘( [p, q]) which contains no 
recurrent point of X not in L and which bounds a region containing every 
singular point in z - ‘(0). This curve can be deformed as in the lemma in 
the proof of Theorem 1 (if necessary) to produce a curve C* containing no 
recurrent point of X and bounding a region containing every singular point 
of r - ’ (0). Now form a closed curve C on M by adding one or two arcs of 
lJf= I Ci lying in the frontier of L for each point of Nt\Nk through which 
C* passes. This curve C is to belong to V. If 0 is an orbit cluster of index 
1 - n the procedure is similar; p and q are each replaced by n points on dif- 
ferent orbits of 0 with the same properties as p and q above. 
In this fashion construct a curve of V? for each inverse image z - ‘( 0) con- 
taining a point of Nz\Nk, and then repeat the whole procedure for each 
other recurrent orbit closure of X. The resulting set G?? of curves satisfies (i) 
and (ii). This completes the proof. 1 
’ Some examples of this decomposition are given in Fig. 5 below. 
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Let a finite set of homotopically nontrivial closed curves on M satisfying 
(i) and (ii) of Theorem 2 be called a reducing set of curues for X. 
15. ADDENDUM TO THEOREM 2 
If V and W are two reducing sets of curves of X, with Mi, 1 < i < n, the 
components of M/U eE Q C and M: , 1 6 i < n’, the components of 
M\UCE Q’ C, numbered so that each pair Mi and Ml has a nontrivially 
recurrent orbit of X in common for 1 < i < m, and that Mi and MI contain no 
nontrivially recurrent point of X for i > m, then, for each i with 1 < i< m, 
there are blowing-down maps zi: M,* -M,T and t,!:Mi”-+M(* toflows Y, 
and Y,!, respectively, and a topological equivalence hi: MT + Ml* between Y, 
and Y! such that, for any nontrivially recurrent orbit 0 of MF, z,!(O) = 
hiozi(0). 
Proof Let p be a nontrivially recurrent point of X and C a nontrivial 
transverse curve for X through p meeting none of the curves in 9? or VI-C 
can be constructed as in Section 4, choosing the transverse section S at p 
to be so small that it intersects no curve of %? or W. So C is contained in 
Min MI for some i, 1 < i< m. Now construct maps z: MF + MT and 
r’. M!* -+ M(* as in the proof of Theorem 1, using C, and a map . I 
h: M,? + M;* as in the proof of the Addendum to Theorem 1, using C and 
p for the curves C and C’ and the points q and q’ in that proof. The result 
follows immediately. 1 
Thus the topological type of each Mi containing a nontrivially recurrent 
orbit is an invariant of the flow; one could thus define a notion of genus 
and orientability for a recurrent orbit closure, as being those of its 
associated manifold MT. In the case that the recurrent orbit closure is a 
minimal set these concepts correspond, I presume, to those defined for 
minimal sets by Markley [ 10). 
16. SEMI-TRANSVERSE CURVES 
It is possible to restrict somewhat he type of the curves considered both 
in the definition of irreducibility and in Theorem 2. Let X be a flow on a 
two manifold M; a simple closed curve on M will be called semi-transverse 
if it is a union of entire orbits of X and open transverse arcs, nontrivial if it 
is homotopically nontrivial. Two transverse arcs A and A’ for X will be 
called flow-homotopic if there is a homeomorphism h: A + A’ such that 
h(x) E O(x). Two semi-transverse curves for X will be called flow-homotopic 
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if they coincide at their non-tranverse points and if their transverse arcs are 
flow-homotopic by pairs. 
THEOREM 3. A flow on a closed two-mamfold with finitely many singular 
points is irreducible tf and only ifit has a unique recurrent orbit closure which 
meets every nontrivial semi-transverse curve in a nontrivial a- or o-recurrent 
point. 
Proof The proof is similar to that of Corollary 1; it is necessary simply 
to verify that the curve y in the proof of Theorem 1 either bounds a disc 
containing no singular points or else is homotopic to a union of semi- 
transverse curves, each of which meets no nontrivially CX- or w-recurrent 
point of X. 1 
THEOREM 4. Let X be aflow with finitely many singular points on a two- 
manifold M. Then X has a reducing set %? of nontrivial semi-transverse cur- 
ves, which is unique up to flow homotopy tf it is required that the number of 
singular points in each recurrent part of M‘\u eE V C be minimal. Two curves 
of W will intersect only in their nontransverse points, in entire orbits; and any 
such orbits of intersection must belong to two different recurrent orbit 
closures. 
Proof. The proof follows that of Theorem 2; it is necessary simply to 
ensure that each curve selected in the second step of the proof is semi- 
transverse, and then to eliminate unnecessary curves. 1 
Some examples of this decomposition are illustrated in Fig. 5, which 
shows the reverse process: begin with a collection of highly transitive flows, 
blow up selected orbits, cut some “holes,” and paste the pieces together, 
adding in perhaps some pieces of nonrecurrent flow. On the left are three 
examples of regions Mi, orientable and of genus 1, with boundary curves 
added for clarity (the shaded regions are the “holes”). On the right they are 
shown just before gluing-in the third example three copies of the recurrent 
piece on the left are used, together with two nonrecurrent pieces. In the first 
two examples there is one curve Ci, consisting of a singular point and a 
nonstationary orbit in the first case and a singular point and a transverse 
arc in the second. In the third example there are three curves Ci, each con- 
sisting of four singular points, two nonstationary orbits and two transverse 
arcs; they intersect by pairs in two singular points and a nonstationary 
orbit. 
Theorems 1 through 4 ensure that any flow with finitely many singular 
points on a closed two-manifold can be built up in this manner. 
FIGURE 5 
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17. CLASSIFICATION 
It follows from Theorem 2 that the task of classifying flows on two- 
manifolds up to topological equivalence falls into two parts: classifying 
flows on two-manifolds without recurrence, and classifying irreducible 
flows. The former is carried out by Neumann and O’Brien [14] (see also 
Peixoto [ 151 for a more complete classification in the case of Morse-Smale 
flows); the latter, by Theorem 1, also breaks into two pieces. Specifically, 
one needs to classify the highly transitive flows on a given two-manifold, in 
the process specifying which orbits are to be “blown up”; and then one 
must classify the various ways in which an orbit can be blown up. This last 
step again uses the work of Neumann and O’Brien (or of Peixoto if one 
restricts attention to Kupka-Smale flows). The classification of highly tran- 
sitive flows falls into two cases. If the two-manifold in question is the torus 
then the Poincare rotation number can be used-this case is discussed in 
detail in [7]. Otherwise, as noted in Section 3, the manifold has negative 
Euler characteristic and hence has a hyperbolic structure. Aranson and 
Grines have exploited this in [ 1,2] to give results which can easily be 
extended to the case in question’. 
Briefly, the procedure of Aranson and Grines is as follows. Let X be a 
highly transitive flow on a hyperbolic manifold M. Fix a representation of 
M as H’JT, where H* is the hyperbolic plane and r is a discrete group of 
isometries of Hz. Regarding H* as the Poincare disc model with ideal boun- 
dary Sk, the action of r on H* extends to H* u Sk. The flow X lifts to a 
flow 2 on H2, which can be extended to a flow on H2 u SL by placing a 
singular point at each point of S&. Consider a nontrivially o-recurrent 
semi-orbit 0 + of X, its lift to HZ u Sk is a countable collection of semi-or- 
bits of x the o-limit set of this collection is the r-orbit of a single point of 
Sk. This is the rotation homotopy class of O+. Similarly, an x-recurrent 
semi-orbit has a rotation homotopy class, and two semi-orbits of X have 
the same rotation homotopy class if and only if they coincide for t > r, or 
t < T,, some T,. Let r(X) be the union of the rotation homotopy classes of 
all semi-orbits of X. Then for Xi, X2 highly transitive flows on M, r(X,) 
and r(X,) are either identical or disjoint; and X, is topologically 
equivalent3 to X2 if and only if there is an automorphism of r inducing a 
map of Sk to itself taking r(X, ) to r(X,). 
’ Aranson and Grines consider only orientable manifolds and orientation-preserving 
topological equivalence, and in [Z] they consider nontrivial minimal sets rather than highly 
transitive flows. 
3 Aranson and Grines do not require that a topological equivalence preserve the direction 
of flow. To take this into account one would simply consider the rotation homotopy classes of 
(say) forward semi-orbits. 
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